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Abstract

This paper surveys recent developments in the sampling discretization of integral and uni-
form norms for functions in general finite-dimensional spaces. These results generalize the clas-
sical Marcinkiewicz—Zygmund inequalities for trigonometric and algebraic polynomials, which
play a crucial role in Fourier analysis, interpolation, and approximation theory. We focus on the
problem in the broad context of finite-dimensional subspaces, where norms defined by general
probability measures are approximated by their discrete counterparts. The primary emphasis is
on results closely related to the authors’ recent research. A key objective is to highlight the main
ideas and techniques that form the foundation of the proofs in this area. This survey serves as
a complement to three recently published survey papers on sampling discretization [I8], [32] [45].
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1 Introduction

The classical Marcinkiewicz inequality has the following original form (see [68, Vol. II, p. 30]):
For any 1 < p < o0, there exists a constant C, > 1 depending only on p such that for every
feTy:= Span{eikz: kelZ, —n<k< n},

Co M f Iy 020) < 1fIL,0) < Cpll flL, (0,245 (1.1)

where A = Aoy i1 = % j=0,1,...,2n}, and Iflz,(a) denotes the L, norm of f defined with

respect to the uniform probability measure on A; that is,

<|A\Z|f( )|p> , ifl<p<oo,

Iz, =

max | f(w)], if p = o0.

weA
Throughout this paper, |E| denotes the cardinality of a finite set E. It is important to note that
the constant C, on the right-hand side of can be chosen to be independent of p. Indeed,
the right-hand inequality in remains true at the endpoints p = 1, co. However, the left-hand
inequality requires stronger conditions at the endpoints. It holds for the full range of 1 < p < o©
with Agn,41 in place of Aoy,

Historically, the inequality for the case p = o (discretization of the uniform norm) was
first established by Bernstein in 1931-1932 (see [4] and [5]). The result for 1 < p < o0 was proved
by J. Marcinkiewicz, while A. Zygmund extended the study to the endpoints p = 1,00 in 1937
(see [32, p.4] and [68, Vol. II, p. 30]). Therefore, inequalities of the form are often referred
to as Bernstein-type theorems when p = o0, and Marcinkiewicz-type theorems when 1 < p < ©
(see [18| 32, [60L [61]). In broader literature, these results are known as Marcinkiewicz—Zygmund
inequalities (see, for instance, [8, I8, 32]). The Marcinkiewcz type inequality is a basic
tool in classical analysis, playing a crucial role in the study of Fourier series convergence, Lagrange
interpolation, sampling discretization, and weighted approximation. For various extensions of these
results, we refer the reader to [8, [18] [32] [35] 47, 48, [51] and the references therein.

This survey focuses primarily on recent work by the authors and their collaborators concerning
Marcinkiewicz-type and Bernstein-type theorems for general finite-dimensional subspaces. We do
not impose structural assumptions on these spaces, except for conditions on the embedding into
the space of bounded functions. Our objective is to highlight the key techniques and methods used
to establish inequalities of the form in this general setting. The primary technical tools rely
on concentration inequalities rooted in the work of J. Bourgain, J. Lindenstrauss, V.D. Milman,
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G. Schechtman and others (see, e.g., [7, 30, 52] and references thererin), as well as chaining argu-
ments (see [59]). We aim to demonstrate how these techniques apply specifically to the problem of
sampling discretization.

It should be noted that this survey is largely confined to results closely related to the authors’
recent research on sampling discretization. Given the extensive literature in this area, the references
provided here are by no means complete. Our intention is to focus on the results we are most familiar
with, rather than covering topics beyond the immediate scope of our work. In particular, we do
not discuss in detail the important and related applications in sampling recovery. For these topics,
we refer the reader to the surveys [24, B2] and the significant recent contributions by D. Krieg,
M. Ullrich, T. Ullrich and their collaborators (see [2, 25l 29, [39] 40, [41), 42} (53] [67] and references
therein).

Let us introduce a general framework for the sampling discretization problem we are going to
study. Let (€, u, F) be a probability space, where F is a o-algebra of subsets of Q0 and u is a
probability measure on F. Given 1 < p < 0, let L,(€2, ) denote the L,-space defined with respect
to the measure p on €, equipped with the norm | - |1 (q,.) given by

o = ([ 177dn)"

Let Xy denote a linear space of F-measurable functions on € of dimension N (where N is typically
large). We assume that every function in Xy is defined everywhere on 2, and satisfies

1 £ Lo () := sup | f(z)|< 0.
e

Finally, we denote the unit ball of Xy in L,(Q, ) by

X3 ={f e Xn: |flr,u <1}

The Marcinkiewicz discretization problem with weights. Let Cs > C'; > 0 be two given
positive constants. The weighted Marcinkiewicz discretization of the L, norm, 1 < p < o0, in the
space X approximates the continuous L,(€2, ) norm using a discrete signed measure supported
on a finite subset Q,,, = {£!,...,£™} < Q. Specifically, we require that the integral norm of every
f € Xn is bounded by a weighted discrete sum as follows:

c, L P < JZ_IAjlf(éj)l” <G jﬂ 1P dp, (12)

where the nodes &/ €  and the weights \; € R are independent of f € X. If the estimate (.2
holds for every function f in a subspace Xy, we say that Xy admits a weighted Marcinkiewicz-type
discretization theorem with parameters p and m € N, and constants C7, Co.

Of particular interest are the following special cases of ([1.2) where the weights are uniform,

1
e, M == A = —.
m

(i) The Marcinkiewicz discretization problem. We say that Xy admits a Marcinkiewicz-
type discretization theorem with parameters p and m € N, and constants C1, Cy if

1 & ,
CUSIL < o 2 IFEW < Callflf 0 VF € X (1.3)
j=1
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(i) The Marcinkiewicz discretization problem with e € (0,1). We say that X admits a
Marcinkiewicz-type discretization theorem with € and parameters p and m € N if

1 & .
(1- E)Hfl\’ip(g,m < - Z |fEDNP < (1+ e)Hinp(Qm, VfeXn. (1.4)
j=1

The Bernstein discretization problem. The above definition can also be modified to include
the case p = o0, where we ask for

Cillfllzp @) < 1I<Iﬁ>§nﬁ EN<IflLw@), YfeXn.

Universal Marcinkiewicz-type discretization problem. We can also consider a universal
Marcinkiewicz-type discretization problem for a finite collection X' := {X k‘}£=1 of finite-dimensional
spaces of functions on Q. Given 1 < p < o0, we say that a finite set {&’ };":1 c Q provides universal
discretization of the L, norm for the collection & with positive constants C1,Co if

m L
1
il a0 < o 5 EP < ColS g, T | X
j=1 k=1

Universal weighted discretization can be defined likewise.

In the framework described above, Xy can be either a real or complex space. For Marcinkiewicz
discretization with general constants Ci,Cy > 0, results for complex spaces can be derived from
the real case by separating the real and imaginary parts. However, this reduction fails for the
Marcinkiewicz discretization problem with € > 0, as the separation argument distorts the isometric
constants (1+e). For simplicity, we generally assume that X is a real space unless stated otherwise.
Nevertheless, most results extend to complex spaces using similar techniques.

This survey presents tools and techniques for the Marcinkiewicz discretization problem on finite-
dimensional spaces subject to certain additional conditions. Typically, two main types of conditions
are used: (i) bounds on entropy numbers; and (ii) Nikol’skii-type inequalities. ~We postpone the
definition and discussion of entropy numbers to Section [4. In this section, we focus on Nikol’skii-
type inequalities. These inequalities constitute the main assumption imposed on the subspaces in
our setting and appear throughout the paper in the formulation of various results.

Nikol’skii-type inequality. Given p € [1,00), an N-dimensional subspace Xy < Ly (Q) is
said to satisfy the (p, 00)-Nikol’skii inequality with constant M > 0 if

1@ < M| fl, 0, YfeXn, (1.5)

in which case we write Xy € NI, oo(M). Of particular interest is the case of p = 2, where the exact
constant M in (1.5 can be written explicitly as follows. Let {u](a:)}év: 1 be an orthonormal basis
of Xy < La(Q, ). Then we have

N 1/2
sip @) = (X lw@)?) = VF@), vreq, (1.6)
FeX N, fllLy,m <t j=1

which implies
Xy e NIQ7OO(M) — HFHLOO(Q) < M?2. (1.7)
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The function 1

F(z)’
known as the Christoffel function of the space X, is independent of the selection of orthonormal
basis of X. Finally, since

MXN, s x) =

2—
17132 < 1, o 1F12 K

for 1 < p < 2, the condition

£ 2(@) < VMl Ly

implies

11 1
o < MP 2 [ flr,um and [flz.@) < M7 flz,@p- (1.8)

In terms of the Nikol’skii inequalities, this establishes the implication
Xy € NIy oo (MY2) — Xy € NI, o (MYP) for any 1 < p < 2. (1.9)

Notation. To conclude this section, we introduce some notation that will be used throughout
this paper. Given a finite set of points Q,, = {¢!,...,£™} and 1 < p < o0, we denote by L,()
the space of all functions on €, equipped with the norm

m

m . 1
(£ Sirer)”. ir<p<o,
=1
1z, (@) = ! '
J if p=
gag;llf(«i ), if p=o0.
We identify vectors in R™ with functions defined on the set

Q= {1,...,m}.

In this special case, we adopt the following conventions for vectors f € R". We denote the normal-
ized norm || f|z,(q,,) by |fllzy and the unnormalized norm by

oo\ P
O e e
Il = mM o1l = {7

max ‘f(.])’a if p = o0

1<j<m
Accordingly, we define the unit ball
B = {feRrR™: | flle < 1}.
More generally, for a normed space (X, | - ||x), we define
By :={feX:|flx <1}

We also denote the Euclidean norm of x € R™ as |z|. Unless otherwise stated, the symbols
C,c,Cq,cq,. .. denote positive universal constants.

Organization of the paper. The remainder of the paper is organized as follows.
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In Section 2, we discuss the close connections between the Marcinkiewicz discretization problem
and several related areas, including embeddings of finite-dimensional subspaces, frames, spectral
properties, and operator norms of submatrices of a given matrix.

In Section 3, we survey recent results on Marcinkiewicz sampling discretization for Lo norms,
which is the most extensively studied case.

In Section 4, we present one of the general technical approaches to the Marcinkiewicz sampling
discretization of L, norms for all 1 < p < o0. It is stated in the form of the conditional sampling
discretization theorem, which highlights the connection between the Marcinkiewicz discretization
problem and entropy numbers of compact subsets of bounded functions under the uniform metric.
We also outline the key ideas used in the proofs.

In Section 5, we discuss universal discretization, and its connection with the Restricted Isometry
Property, a fundamental concept in compressed sensing.

Section 6 covers recent improvements in bounds for sampling discretization of integral norms,
along with the main ideas behind their proofs.

Finally, in Section 7, we briefly discuss some recent progress on sampling discretization in the
uniform norm.

2 Connections with other areas

The Marcinkiewicz discretization problem is closely connected to several other areas. In this section,
we provide a brief overview of these interactions and reformulate the problem in different contexts.
We refer to the survey paper [32] for a detailed discussion of these connections.

First, there are deep results on embeddings of finite-dimensional subspaces of L, (€2, ) into EIJDV ,
which are closely related to the sampling discretization of the L, norms (see, for instance, [7, [30]).
Techniques developed for these embedding problems have proven highly effective for sampling
discretization (see [30]). A detailed discussion of this connection is available in Section 4.2 of [32].

Second, there is a close connection between the Marcinkiewicz discretization of L, norms and
the concept of (A, p)-frames (see Section 5 of [14]). We recall the following definition from [14]
Definition 5.2].

Definition 2.1 ([14]). Let A := {A;}7"; c R and 1 < p < o0. A sequence {¢;}7"; of functions in
Xy is called a (A, p)-frame of X with positive constants A and B if for any f € Xy we have

AHinp(Q’M) < ZlAij» ¢j>|p < BHf”I[)/p(Q7u)7
j:

where (-, -) denotes the inner product of La(Q, ). When A\; = -+ = A\, = 1, a (A, p)-frame is
called a p-frame (see [I]).

The weights in Definition [2.1] may have either sign, as in the general weighted discretization
inequality (|1.2)). Nonnegative weights form a special case, which will be the focus of Section 3.
Let D(Xy,-,-) denote the reproducing kernel (Dirichlet kernel) of the space Xny < Lao(2, 1) N
LP(Q7 :U‘)a namely,
N
D(Xy,z,y) = Y, uj(@)u;(y), =yeQ
j=1
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where {u]} 1 is an orthonormal basis of (Xn, | - |£,(q,u))- Note that D(XN, ,+) is independent of
the choice of the orthonormal basis. The Marcinkiewicz inequality (1.2]) is equivalent to

AT, \ZA [ DXN NP < Calf ] o, VS € X

In other words, in terms of (A, p)-frames, Xy admits a weighted Marcinkiewicz-type discretization
theorem of the form with constants O, Cy > 0 if and only if there exist points £!,..., ™ € Q
and weights A = {\;}7.; < R such that the sequence {D(X, €,) 7Ly forms a (A, p)-frame of Xy
with constants Cy,Cy > 0.

Third, there is a probabilistic approach to the Marcinkiewicz discretization problem with
e € (0,1). It aims to establish that for IID random points ¢!, ..., ™ drawn from g on Q, and
1 < p < oo, the inequality

Z HE = | 1rran] < 2.1)

sup
feXp
holds with high probability. In particular, this implies that Xy admits a Marcinkiewicz-type
discretization theorem of the form . This approach connects to moment estimates of random
vectors in probability. Let £ be a random point drawn from u. Given a basis {uk}évzl of Xy,
consider the vector-valued function u = (uy,...,uy) on €2, and the random vector n = u(§). Let
7’ =u(¢), j = 1,...,m, be independent copies of 7. Since each function f € Xy has a unique
representation f = (y,u) with y = (y1,...,yn) € RV, the inequality above is equivalent to

1 ¢ :
sup|— 37 Ky, )l ~ Elty,ml”| <e, (2:2)
yeK mj:l
where K := {y € RY : E[(y,p)|P < 1} is a symmetric convex set in RY and (x,y) denotes

the dot product Zjvzl zjy; of X,y € RY. Thus, the probabilistic approach to the Marcinkiewicz
discretization problem asks: How many independent copies of a random vector 1 are needed to
ensure that holds with high probability?

Fourth, the Marcinkiewicz discretization in finite-dimensional spaces relates to the spectral
properties and operator norms of submatrices of a given matrix. It can be reduced to a correspond-
ing matrix problem. As above, we fix a basis {uk}{g\;l of X, and define the vector-valued function
u = (u1,...,uy) on €. Given aset & = {¢1, €2, ..., 6™} of distinct points in 2, consider the m x N
matrix

aEe™ | [umE™ wEm) o un(Em)

Given 1 < p < o0, define the following norm on R¥:

HYHLP = H<Yau>HLp(Q,y)a y=(1,---,YN) € RY.

The Marcinkiewicz inequality (1.3]) can then be reformulated as

Cilylz, <[@@©yl;, < Calylf,, ¥yeRY.
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If p=2and {u1,...,un} is an orthonormal basis of (Xn, | - [|z,(q,)), this is equivalent to
2

which can be reformulated in terms of the spectrum of the sampling matrix ®(&). Specifically, this
translates into the following estimates for the maximum and minimum singular values:

Umax(é(g)) < Com and O'min(Q(&)) =/ Cim.

If Q=Qp ={x1,...,2p} is a finite set, then the vector-valued function u can be represented
as a matrix with M rows and N columns:
u(z1) | uir(z1)  uz(r1) o un(T)
5. u(zs) B up(ze)  uo(xa) -+ un(x2)
u(za) | ui(zy) u2(rm) - un(Twm)

In this case, we seek an m x N submatrix of the full matrix ®, denoted by
[ u(€)
o)~ | "] em@emeay
[ u(em)
such that for every y = (y1,...,yn)" € RY,
@y} o < IBEOYIE, < Caloyl] o .

Here, setting fy := Z;V:1 yju;, we have

1@y, @0 = Z!fy z;)|” and [®(€)y[L, = Z|fy &P
] 1

Finally, the universal Marcinkiewicz-type discretization problem can alternatively be reformu-
lated in terms of certain properties of matrices. In particular, the universal discretization of the
Lo norm is closely linked with the concept of the Restricted Isometry Property (RIP), which plays
significant roles in compressed sensing. A detailed discussion of this connection will be presented
in Section [5] of this paper.

3 Marcinkiewicz discretization of L, norms

In this section, we survey some known results on the Marcinkiewicz sampling discretization of the
Lo norms, which is the most studied case. Let Xy be an N-dimensional subspace of Ly(2, u). For
simplicity, we assume all functions in X are real-valued. Our goal is to discretize the Lo norm in
Xy via a finite discrete sum:

m

(=0 | 17Pdu < SNIAEN <1+ )|, 1P du, v e X, (31)

where £&9 € Q, A\; >0, 7 = 1,2,...,m, and € € (0,1). Here we restrict attention to nonnegative
weights; zero weights may be omitted. The spectral characterization in Lemma 3.1 below also holds
for arbitrary real weights.
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3.1 Spectral characterization of weighted discretization

The discretization of the Lo norms can be equivalently formulated using spectral norms of
certain symmetric matrices. To this end, we first recall some useful results from matrix analysis.

Let A be an N x N real symmetric matrix. By the spectral theorem, one can diagonalize A
using a sequence of N real eigenvalues,

M(A) > da(A) > - = A(A),

and an orthonormal basis of eigenvectors ui(A),...,un(A) € RY such that
A(ui(4)) = Mi(A)wi(A), i=1,2,...,N.

Let Amax(A) := A\ (A) and Apin(A) := An(A). Then we have

Amax(A) = max (Az,z) and Apin(4) = min (Az, x), (3.2)

zeSN—1 2eSN—1

where (-,-) denotes the dot product in RY. In general, the Courant-Fischer min-max theorem
asserts that for each 1 <k < N,

M.(A) = i A
k() = jmax = min (Az,o)

and

Ap(A)= —m

- A
i 0 max (Ax,x),

in
—k+1  zeV|z|=1

where V' ranges over all subspaces of RV with the indicated dimension. If A is positive semidefinite,
Amax(A) is the spectral norm of A, which coincides with the operator norm ||A| of A:

[A| := max |Az|.
xeSN—1

For a general symmetric matrix, we have

|Al = max |[{Az, )| = max{|Amax(A)], [Amin(A)[}-
zeSN-1

Now we give an alternative formulation of (3.1]) using spectral norms. Let {uj,...,uy} be an
orthonormal basis of Xy < L2(Q, 1), and consider the vector-valued function

u(f) = (ul(f)v"wu]\f(f))? e
Define
G(©) = u(©@u(©) = [u(@u(©)| RV, ceq

1<ij<N

Then for each f = Zjvzl aju; = (u,ay € Xy with a = (a1,...,an)? € RY, we have
DINEN = 172 = a" (D AGE) - In)a.
j=1 J=1

Here we treat a as a column vector and u(z) as a row vector. This together with (3.2]) yields the
following alternative formulation of (3.1)).
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Lemma 3.1. Let £4,...,6m e Q, A\1,...,Am € R and e € (0,1). Then the inequalities in (3.1)) hold
for every f e Xy if and only if

v - 3 6@ <
j=1

where Iy denotes the N x N identity matriz, and | - | denotes the spectral norm.

Lemma establishes a connection between the Lo-discretization (3.1) and the following non-
linear m-term approximation problem:

om(In,D) = Beiznf(p) |In — B|,

m

where D := {G(&): £ € Q} and %,,,(D) denotes the set of all N x N matrices of the form
m
Z G(E), M,...;, dmeR, £, meq.

Using this connection, one can apply a relaxed greedy algorithm to construct a set of points

{{J} *, < Q, with m of order N2, for which (8.I)) holds with uniform weights A\; = -+ = A, =
(see [61 Proposition 5.1}).

m

3.2 Discretization using random samples
We start with the following result, which was derived in [61] using Lemma [3.4] below.

Theorem 3.2 ([61]). Let Xy be an N-dimensional space of bounded functions on Q0 such that

Xn € NIy o(VKN) for some constant K > 1. Let €L ... €™ be a sequence of IID random points

drawn from the probability measure p on Q. If m = 3AKNe 2log N for some constants A > 1 and
€ (0,1), then the inequality

1 m
(1= Olf I <. Z ()< @+ lfI (3-3)

holds simultaneously for all f € Xy with probability at least 1 — 2N ~A+1,

Remark 3.3. By setting A = %, we may reformulate the conclusion of Theorem as

follows. If m > 3K Ne2log N+1, then the estimate ( . ) holds simultaneously for all f € X with

probability at least
2

me
1—2Nexp(— 27 ).
“P\T3KN
We note that results of this type can be traced back to Rudelson [56], whose work implies a
similar discretization bound for random points but yields a slightly weaker probability estimate.
The proof of Theorem [3.2| relies on the following result of Tropp [66].

Lemma 3.4 ([66]). Let {T}}}", be a sequence of independent N x N positive semidefinite random
matrices, and define T = Y " | Tj,. Assume that

max |Tx| < M < o0 almost surely

1<k<
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for some constant M > 0, where | - | denotes the spectral norm. Let Amin := Amin(ET) and
Amax = Amax(ET"). Then

1 )\min/M
)1_6> , Veel0,1),

P[Awin(T) < (1= ] < N (o

€ Amax/M
P[Amax(T) > (1+ e))\max] <N ((1+€e)1+) . Ve 0.

Remark 3.5. Let ¢(t) := (1 — t)log(1 —¢) for t € [0,1). Since

O (t) = >0, Vte[0,1),

1
(1—-1)?
it follows by Taylor’s theorem that

2

1 t
o(t) = 0(0) + ¢’ (0)t + 5@”(0%2 =—t+5, Vie[o1),

which implies
£2
(1= > exp(—t+ 5), vt e [0,1].
Similarly, applying Taylor’s theorem to the function v (t) := (1 + t)log(1 + ¢) at t = 0, and using
the fact that ¢"(t) = %th is a decreasing function of ¢t > 0, one has
2

1
1+t)log(l+t)=2t+ -——, Vi=0,
(1+0)log(L+1) > £+ 5
which implies

1t
14+t > (t 77), vt = 0.
(1+1) P\t oT

Substituting these estimates into Lemma [3.4] yields

P[Amin(T) <(1- e))\mm] < Nexp(—i)\]r\}m), Ve e [0, 1), (3.4)
€ Amax
]P’[)\max(T) >(1+ e)Am] < Nexp(—m e ) Ve > 0. (3.5)

For completeness, we provide a proof of Theorem as follows.

Proof of Theorem [3.3. Let {u1,...,ux} be an orthonormal basis of X, and let
u(z) := (ui(x),...,un(z)) for x € Q.

The condition Xy € NIy o (v KN) implies (see ([L.7])

N
[u(@)]® = Y Ju;(@)]” < KN, Vzeq.
j=1
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Now consider the m x N random matrix

)
®y = :
u(em)
Let T := 1®7®. Then
;i éﬂfiﬂ with 75 = —u(@) u(¢).

Clearly, the T} are independent, positive semidefinite random matrices satisfying

1

: KN
| — T . — 7|2
1T = max 2" Tiz = —lu(e)" <

m .

Moreover, since {u; }évzl is an orthonormal basis of Xy, we have
7= [ u@)] = Efue uie) | - 1y
m Pt )

where Iy denotes the N x N identity matrix. Now applying Lemma (3.4) and (3.5) with
M = KN and Amax = Amin = 1 yields that for any e € (0,1/2),

IP’[l — e < (D) < Amax(T) <1+ e]

~P|Ain(T) < 1= ¢| = P[ A (T) > 1+ ¢]
e m €2 m
18l ) ool )
[eXp s kN TP\ g o KN
m€2 A
>1- +1
1 2Nexp< 3KN) — 2N~
provided that m > 3K ANe~2log N. Theorem [3.2] then follows by Lemma O

Remark 3.6. Clearly, the above proof also yields the following estimate: for any ¢ > 1 and any
m =1,

2

P[Amax(T) <1+ ¢| > 1- Nexp(—ﬁ%)

€ m
!
FPA\TIKN
In particular, if 1 < m < KNlog N, then taking ¢ = W# for some constant A > 1, we
deduce

4AKN log N

P[AmaX(T) Sl

] >1 _N—A-l-l.
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Since for any y € RV,
1 & .
(Ty,y) = — > [y uE@ )P < Anax(T) - [y,
j=1

this implies the following one-sided Lo-Marcinkiewicz inequality.

Corollary 3.7. Let Xy be an N-dimensional space of bounded functions on €2, and assume that
Xn € NIy o (VKN) for some constant K > 1. Let €L ... €™ be a sequence of IID random points
drawn from the probability measure p on Q. If 1 < m < KNlog N, then for any given constant
A>1, the one-sided inequality

1 « 12 4AKN log N 9
m 2 N < (1+ =" )If s

holds simultaneously for all f € Xn with probability at least 1 — N~4+1,

The Nikol’skii condition NIy o (v K N) plays an important role in the above proof of Theo-
rem However, the constant K in this assumption can be very large, in which case one cannot
expect a Marcinkiewicz-type theorem with uniform weights and at most C'N log N points with
C' > 0 being a universal constant. For instance, consider the space Py of all algebraic polynomials
of degree at most N —1 on [—1, 1]. It is well known that Py satisfies the (2, c0)-Nikol’skii condition
NIy (VK N) with a least constant K > CN, and any Marcinkiewicz-type inequality with uniform
weights for the space Py requires at least C N2 points (see [I2, Remark 2.1]).

Nonetheless, Theorem [3.2] with K = 1 combined with a change of density argument could be
used to yield a weighted discretization result for spaces Xy that may not satisfy the NIy o (v KN)
assumption or satisfy it only with a very large constant K. To be more precise, let A(Xn, p;-)
denote the Christoffel function on € associated with the space X and the measure u, defined as

AKXy, i) = it L\f(é)\Qdﬂ(ﬁ), req, (3.6)
Fw)=1

where it is agreed that \( Xy, u;z) = o if f(z) = 0 for all f € X. It is easily seen from (|1.6|) that

1
fg XXy gura) ) = N

Using this notation, we now derive a weighted discretization result for more general spaces Xy
without imposing the NIy o (v K N) assumption.

Corollary 3.8. Let X be an N-dimensional subspace of La(2, p) with the associated Christoffel
function An () = M Xn, p;-) as defined in (3.6). Let &, ..., &™ be a sequence of IID random points
drawn from the distribution mﬂ(dm). If m = 3ANe 2log N for some constants A > 1 and
e € (0,1), then the inequalities

N & . )
A=y < o 2 AWE |7 (@) < A +9If 10,
j=1

hold simultaneously for all f € Xy with probability at least 1 — 2N A+,
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Proof. Let {uy,...,un} be an orthonormal basis of Xy. By (|1.6)), we have

1/2

= X 2 wi = Uk

Consider the probability measure dv := N ~!F2dyu on Q. Define a mapping U : La(2, i) — La(2,v)
by Uf(x) = N f(z)/F(x) if F(z) > 0, and U f(x) = 0 otherwise. Since F(z) = 0 implies f(z) =0
for all f € Xy, it follows that

HUfHLQ(Q,V) = Hf“Lz(Q,u)’ Vf € Xn.
Moreover, it is easily seen from (3.6 that

sup 19(2)| < VNllgl1,00), Vg€UXn.
TE
Corollary then follows by applying Theorem to the space UXy < Lo(Q,v) with K =1. O

3.3 The minimum number of points required for L,-discretization

Given two constants Co = C7 > 0, we denote by m(Xy;2;Cq,Ce) the smallest positive integer m
for which there exist m points €1, ..., ™ € Q such that

1 & ,
Cilf117, 0 < o DIFEN? < Callfliyap V€ XN
j=1

Clearly, m(Xn;2;C1,C3) = N. Regarding the upper bound, Theorem (originally due to Rudel-
son [55]) establishes that if X € NIy oo (VK N), then

m(Xy;2;1/2,3/2) < CKN log N.

The following remarkable theorem asserts that the extra factor log IV in this bound can be removed.
The proof relies on the breakthrough theorem of A. Marcus, D. Spielman, and N. Srivastava [50]
combined with an iterative procedure initially proposed in [7], [49].

Theorem 3.9 ([37, 46]). Let Xn be an N-dimensional space of bounded functions on Q such that
Xn € NIp o(VKN) for some constant K > 1. Then for any € € (0,1), there exist m points
., 6me Q withm < Ce 2K N for some absolute constant C' > 0, such that

(L= Olf I < Z IFE < M+ OK|f 0 YFeXn (3.7)

We point out that Theorem was established in [46] with general positive constants C and
C3K instead of the constants 1 — e and (1 + €)K in . The current version of Theorem is
due to [37], where it was observed that inequality can be obtained by refining the iteration
technique introduced in [46].

By combining Theorem [3.9| with the change of density argument from the proof of Corollary
we obtain an immediate bound on the required number of evaluation points.
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Corollary 3.10 ([37]). Given any N-dimensional space Xy of bounded functions on Q, and any
€ (0,1), there exist points &', ..., ™ € Q and weights A1, ..., A\m > 0 with m < Ce 2N for some
absolute constant C' > 0, such that

(L= Oy < S MIFEN < A+ f 200 VF e Xn.
j=1

Example 3.11. Let Q < Z% be a finite set of frequencies, and consider the space
T(Q) := span{ei<k"> ke Q}

of all trigonometric polynomials with frequencies from @ on the cube Q = [0,27)¢, equipped
with the normalized Lebesgue measure p. Since the moduli of functions in the orthonormal basis
{ei<k"> : k€ Q} of T(Q) are uniformly bounded by 1, the Cauchy-Schwarz inequality implies that
T(Q) € NIz, oo (v/N) with N := dim 7(Q) = |Q|. Therefore, by Theorem we can find a set of
m < Ce 2N points €', ...,&™ e Q such that

1m
L= f17 0 < %Z FEN <@ +elfI, . YfeT@).

We conclude this section with the following tight estimate on weighted Marcinkiewicz discretiza-
tion inequality of Ls norms, which follows directly from a result of G. Schechtman [57].

Theorem 3.12 ([57]). If Xy is an N-dimensional subspace of La(Q2, 1), then for any b € (1,2],
there exist a set of m < bN points ',...,6™ € Q and a set of nonnegative weights A1, ..., Ay such
that

1/2
C
1l Lo < (Z A |f(€) ) < ﬁHfHLQ(Q,M): VfeXn,

where C' > 1 is an absolute constant.

Note that in Theorem the parameter b > 1 can be chosen to be arbitrarily close to 1.

4 Marcinkiewicz discretization theorems

This section presents general results and methods concerning the discretization of L, norms for
p # 2.
4.1 A conditional theorem

Let W be a compact subset of the space of bounded functions on Q. Let £, €2, ... be a sequence of
independent random points in 2. Consider the following random sampling discretization problem:
foree (0,1), 1<p<oand feW,

1 & .
(1- E)HfHﬁp(Q,“) < - Z IfEDNP < (1+ e)HfHﬁp(Q,u)- (4.1)
j=1
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Without loss of generality, we may assume that

W c BL = {fEL (Qvtu) : HfHLp(QM < ]-}

since otherwise we may replace W with the set { f/|f]| L@ f€ W}. Our goal is to estimate the
probability that ( . ) holds for all f € W in terms of the number m of required random points. Such
an estimate can be established in terms of an integral of the e-entropy of the set W in the uniform
metric. We begin by recalling standard definitions and known estimates concerning entropy (see
[9, 26, 59] and [62, Chapter 7]).

Entropy. Consider a normed linear space X := (X, | - |x), and let
By :={zeX:|z|x <1}

denote the closed unit ball in X. For any € > 0, the covering number N.(A, X) of a compact subset
A c X is defined as the smallest positive integer n for which there exist elements z',...,2" € A
such that

Ac U (acj + eBX).
j=1
The e-entropy He(A; X) of a compact set A in X is defined by
He(A, X) :=logy Ne(A, X),
while the entropy numbers ey (A, X) of the set A in X are defined by
ex(A, X) :=1inf{e > 0: H (A, X) < k}, k=0,1,2,....

Note that in our definition we require 27 € A, which differs from the standard definition of
N(A, X) and e (A, X), where this restriction is not imposed. However, it is well known (see [62],
p. 208) that these characteristics may differ by at most a factor of 2. To emphasize the dependence
on the seminorm | - | x, we often write ex(A, || - |x) = ex(A, X) and H(A, | - |x) = He(A, X).

There is a simple and useful bound for the entropy of the unit ball in the finite-dimensional
case. If X = R"™, then for any 0 < e < 1,

1 2
mlogy — < He(Bx, | - |x) < mlogy(1+=). (4.2)
This also implies that
27127 < ep(Bx, | x) <6275, kel

Sharp entropy estimates are generally difficult to establish in a general high-dimensional setting.
Here we only formulate a useful bound for entropy numbers, which will be used later.

Theorem 4.1 ([36, Lemma 4.10, Corollary 4.2]). Let Q,, = {¢',...,6™} = Q be a finite subset of
points in 2. Let Xy be an N-dimensional space of bounded functions on Q) satisfying

1flzp@) < VM| flropys Yf € Xn, (4.3)
where M = 2 is a constant. Then for any 1 < p < 2,
1 1 1/MN1
ex (X8 | |1 (0) < Cpllogm) (log M)~ 2 ()7, k=0,1,2,... (4.4)

where X3, = {f € Xn: | flr,cou <1}
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Remark 4.2. For p € (1,2), Theorem was established in [36, Lemma 4.10] via a slight modi-
fication of the proof of Proposition 16.8.6 in [59]. The case p = 2 is an immediate consequence of
[36, Corollary 4.2]. Finally, for p = 1, the conclusion follows from [16] (3.8) and (3.10)] and the
following estimate on entropy numbers (see, for instance, [62, p. 323, (7.1.6)]):

ean( XN |- Nz (@m) < Cen(Xns |- o m)en(XR | o 0n))-

Remark 4.3. While the dimension N does not appear explicitly in the estimate (4.4]), the constant
M in the Nikolski inequality typically depends on N, particularly when m » N. Furthermore,
the use of the Lo (£2,,) norm embeds the original space Xy into a subspace of R™.

Remark 4.4. By definition, it is easily seen that the estimates of entropy numbers
er(A, X) < RE™®, kE=1,2,...

imply
H (A, X) < ce(R/YY, e>0,

where R > 0 is a constant independent of k € N and ¢ > 0 is an absolute constant. As a result,
Theorem [4.1] u implies that under the condition , for any 1 < p < 2, we have

He(XN |- oo (@m) < Cp (logm) (log M)' "2 Me™, € >0.

We are now ready to formulate the conditional discretization theorem for the Marcinkiewicz-
type discretization inequality of the form (4.1). The following theorem extends results in [I7,
Theorem 1.3], [20, Theorem 5.1] and [61].

Theorem 4.5 ([21, Theorem 6.1]). Let (Q, u, F) be a probability space. Let W be a compact set of
bounded functions on ) satisfying the following conditions for some 1 < p < o0:

(i) sup sup|f(x)| < RYP for some constant R > 1
feW ze

(i) {Af: A> 0, f €W, [flr,@um <1 =W
Let &', ..., €™ be a sequence of independent random points on § satisfying

i Pl € E] =m - w(E), VEe F. (4.5)

Then there ezist positive constants C, = 1 and ¢, € (0,1) depending only on p such that for any
€€ (0,1/2) and any integer

R R
m = Cpe_5 (log z) f H (W5 Lo )dt, (4.6)

the inequality
1= g < 2 FEP <A+ g

holds simultaneously for all f € W with probabzlzty at least
4

1-— exp(—R(Cf(i:%)Q)
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Remark 4.6. Theoremwas proved in [21, Theorem 6.1], where ({4.6)) is replaced by the following
slightly different condition:

RY/P RY/P . 1\?2
m = Cpe® ust 7HEt(W’LOO) dt)’du| . (4.7)
P t

1
cpel/p u

Note that, performing the change of variables v = «” and s = t? yields
2
R R 1
L s
RHS of [@.7) = 026_5 <J V3 (f M@) de> ’
/ S
CPE v

where c; € (0,1). Using the Cauchy—-Bunyakovsky—Schwarz inequality and the Fubini theorem, we
then obtain

R R
RHS of [{.7) < cpe—5(1og ?) f 1o (W; L )dt.
c;e

Remark 4.7. Either of the following two conditions implies the condition (4.5)) in Theorem
(i) €',...,&™ are identically distributed according to j;

(i) there exists a partition {Aq,..., A} of Q such that p(Aj) = L and & € A; is distributed

according to m -

for each 1 < j < m.
j

Theorem combined with Theorem implies Corollary below.

Corollary 4.8. Let {VJ}JL:1 be a sequence of linear subspaces of R™ which satisfies the following
condition for some constant R > 1:

L
|l < VRIfly, VYFelJVs (4.8)
j=1
Let £Y,... €™ be a sequence of independent random variables taking values in {1,2,...,n} and
satisfying
1< g |E|
— Y P¢eE] ==, VEc({1,2,...,n}.
m - n
j=1
Let e € (0,5). Then the following statements hold.

1
)2
(i) If 1 < p < 2, then there exist constants Cp, =1 and ¢, > 0 such that for any integer

P
2

m = Cp6_5R<log ?) [e_p (log §> (log R)l_g (logn)

the Marcinkiewicz-type discretization inequality

+ logL],

1 & .
(1= lflzy < - MIAEr <+ 1Ly (4.9)
j=1

holds simultaneously for all f € Ule V; with probability at least

4

1-— eXp(_R(cf)ng%)Q)
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(i) If 2 < p < o0, then there exist constants Cp, =1 and ¢, > 0 such that for any integer
R
m = Cp6_5Rp/2 (log —) [6_2 logn + log L],
€

the Marcinkiewicz-type discretization inequality (4.9) holds simultaneously for all f € UJL:1 Vi

with probability at least
cpme )

1-— eXP(— Rp/z(log §)2

Proof. Let Q, :={1,2,...,n} and let u, denote the uniform distribution on €2,,. Then the sequence
of random varlables & satlsﬁes the condition with Q = Q, and p = py,. Let

p=&erwww<w

(i) Let 1 < p < 2. Using Theorem {4 -Wlth M = R, m = n, and Q,, = ,, we obtain
ex(VZ, ] - |1z) < Cpllogn)? (mmra(%)%, keN, j=1.2,.. L
where V7 := {f € V;: |f|rs <1}. By Remark this implies
Hi(V]: |- ) < Cot P R(log R)' % (log ), Vi > 0.
Since W, = Ule Vjp , it follows that for any ¢ > 0,
HO - 11z) < oy L+ e WV 12z

< Cpt PR(log R)' "2 (logn)? + 2log L. 4.10
P
Thus,
p R 1
J HepioWps | - | n )dt < Cpe PR(log R)'~ (logn)2f t~ dt +2Rlog L
cpe

< Cpe™? (log g) R(log R)'~Z(logn)% + 2Rlog L.

Finally, by (L.§), the assumption implies that ||f]r» < Rl/prHLn for all f e U
Consequently, Statement (i) follows dlrectly by applymg Theorem [4.5f - to W Wp.

(ii) Now assume that p > 2. Then for all f € U 1V}, we have
I£lzs < ¢Wmm<R”memhm R,
Since W, € W, we obtain from (4.10]) that for any ¢ > 0,
Hi(Wail - HL&) < Ht(W%H “|ry) < Ct72R(logn) + 2log L,

implying that

Ry RP/2
HepoWps | - [ n)dt < Ce *Rlogn J 7% dt + 2RV log L

cpe cpe

< C,RP? [6_2 logn + log L] .

Statement (ii) then follows by applying Theorem to W =W,. O
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4.2  Preliminary discretizations

Theorem is often applied together with the entropy estimates stated in Theorem as was
done in the proof of Corollary This normally requires a preliminary step of discretization
involving more random points. The following result is useful.

Proposition 4.9. Let 1 < p < be a ﬁzed number. Let {V} 1 be a sequence of linear subspaces
of Lo (82) such that dimV; < s for all1 < j < L, and

L
1f Lo < Rl/prHLp(Q,,u)v Vfe U Vi, (4.11)
j=1

for some constant R = 1. Assume that 0 < € < % that m is an integer satisfying

m > 1636*2[1ogL + slog §], (4.12)
€

and that {fj} ' 1 15 a sequence of IID random points drawn from a probability distribution p on €.
Then the Marcmkzewzcz type discretization inequality

(1 =59)£17, @, % Z NP < Q+517 (4.13)

holds simultaneously for all f € Ule V; with probability > 1 — 2exp( 16;)

We point out that in the above proposition, the upper bound % in the assumption 0 < € < % is
chosen purely for convenience, any value in (0, %) works by appropriately modifying the constant 16

in (12).
For the proof of Proposition we need the following two lemmas. The first lemma ap-
pears in [7, Lemma 2.1}, but also follows directly from the classical Bernstein inequality (see [65),

Theorem 4.22)).

Lemma 4.10 ([7, Lemma 2.1]). Let {77] 1 be an independent sequence of random variables such
that En; = 0, E[n;| < My and |n;| < Moo almost surely for all 1 < j < m and some constants
My, My, > 0. Then for any 0 < X\ < My,

m m/\2
IP’[] Z nj| = m)\] < 2e Mo
j=1
A slight variant of the second lemma also appears in [7, Lemma 2.5].

Lemma 4.11 ([7, Lemma 2.5] ). Let T : X — Y be a bounded linear operator between two normed
linear spaces (X, | - [ x) and (Y,| - |y). Let e € (0,3). Assume that there exists an e-net A = Bx
of Bx such that for some constants o, 3 > 0,

afzlx < [Tz]y < Blz|x, VoeA
3
Then, with v = —/B, we have
o

a(l —vye)lzlx < |Tzly < B(1+2¢)|z]x, VzeX.
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For completeness, we provide a proof of Lemma below.

Proof. For z € By, we denote by ¢(z) an element in A such that |z — ¢(z)|x < e. Then for any
z € Bx, we have

ITz[y < |Tle+[Te(2)|y < T]e+ Ble(z)|x < [Tle + 8,
which, taking supremum over all z € Bx, implies

g

— €

T < T < B(L +2).

To prove the left-hand-side estimate, we note that for any z € X with |z]|x = 1, we have

|Tz]y = [Te(z)ly — |T]e = afe(z)|x —[T]e
> a(l —e€) —2Be > a— 30e.

This proves the lemma. O
Proof of Proposition[{.9 . By inequality ., for each 1 < j < L, there exists an e-net A; < Vp
of Vi :=V; n By, in the space L, such that |A;| < (1 g) . Let A= sz Aj. Then
2\ 3
log |A] < 10g[ ( f) ] <logL + slog —. (4.14)
€ €
Furthermore, (4.11)) implies that
P P
|1 7 < R forall feA,
1715|1715 .

where |f[oo = supeq|f(z)| and [f[p, = [f]r, - Thus, using (4.14), and Lemma with
My =R, My =2 and

[f(E)]P
n; = — 1, =1,2,....m,
IR
we conclude that the inequalities
\fZ HE = | 107 du] < elfl] 0, VS €A (415)

hold with probability

2 2
>1—2|A] exp(—ﬁ> =1- 2exp(log |A| — me )

8R 8R
3 me
>1-2 (1 L+sl 7——)
exp|log L + slog c 3R
However, the condition (4.12) implies
2
me
log L + sl
og slog — 1 6k

It follows that (4.15)) holds for all f € A with probablhty

2

=>1-— Qexp<—%)

To complete the proof, we just need to note that by Lemma m (4.15) implies (4.13]). O
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4.3 Sampling discretization of L, norms

In this subsection, we show how to use the preliminary discretization from the last subsection,
together with Corollary to deduce a Marcinkiewicz-type discretization theorem.

Theorem 4.12. Let Xy be an N-dimensional space of bounded functions on €2, and assume that
Xn € Nlp oo(VKN) for some constant K > 2. Let {§j};o:1 be a sequence of IID random points
drawn from the distribution . Let € € (0,1/2).
(i) If 1 < p < 2, then there exists a constant Cp(e) = 1 such that for any given parameter A > 1
and any integer
m = Cp(e)A- KN -log®(2KN), (4.16)

the Marcinkiewicz-type discretization inequality
1 & .
=S < 3 2 HE < 1+ 0
Jj=

holds simultaneously for all f € Xn with probability > 1 — (KN)~™4
(i) If 2 < p < o0, then there exists a constant Cp(€) = 1 such that for any given parameter
A =1, and any integer
m = Cp(e)A- (KN)P? . 1og?(2KN),

the Marcinkiewicz-type discretization inequality
(L= OIFIT, 0 Z FEP < (L +lfI, o

holds simultaneously for all f € Xy with probability =1 — e~ 4

Proof. We start with the proof of (i), when 1 < p < 2. The assumption Xy € NIj o (v K N) implies

(see (1.9)) that
£y < BNl f € Xn

Thus, without loss of generality, we may assume that m < CKNZ%e2 log%, where C' > 0 is a
sufficiently large fixed constant, since otherwise Theorem follows directly from Proposition
with L =1, s = N, and R = KN. We will use Part (i) of Corollary . To this end, we need a
step of preliminary discretization involving more points.

Let £ denote the smallest integer larger than or equal to CKN2¢~2log % Let my := miy,
and let Qp,, = {x1,...,2m,} < Q be a set of IID random points drawn from the distribution u.
Note that

C1(C,e)log(KN) < logmy < Co(C,e)log(KN)

for some constants C»(C, €) = C1(C, €) > 0. Furthermore, by Proposition [4.9} the following inequal-
ities hold simultaneously with probability > 1—4 exp( cmﬁ) > 1—4e ™V for a sufficiently large
constant C' > 0,

11 @y = 1| < T2y VF € X, (4.17)

11 20 = 11 01| < 1oufuL2 oy 7 € Xn. (4.18)
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Let {A1,..., Ay} be a partition of the set {1,...,m} such that |[A;| = £y for 1 < j < m. Let

ni,...,N, be an independent sequence of random variables that is independent of {z1,...,zm,}
such that each n; is uniformly distributed in Aj;. Define §/ = x,;, j = 1,2,...,m. Then
€L ..., ™ e Q are IID random points with common distribution .

Next, we fix a set ), of random points xi, ..., 2z, for which both (4.17) and (4.18]) hold.
Instead of dealing with functions on the entire set €2, we consider their restrictions on the set 2,,,
equipped with the uniform distribution. From the assumption Xy € NIz o(vVKN) and by (4.18),
we have

1 fl2oo@my) < V2EN|flLy@pn,), Vf€XnN.

Thus, applying Part (i) of Corollary with L =1, n = m; and R = 2K N, we conclude that the

inequalities
m

€
2 )l = U1 0| < T 171 gy ¥ € X (4.19)

=3

hold with probability

cp(e)m
>1—exp(——2™M
exp KN 1og2(KN))

provided that
m = Cp(e) KN log?(KN).

Now, we recall that &/ = Tp,. Clearly, (4.19) combined with (4.17) yields that
1 & .
(=915l S g 3 MW € (14 AU o VS & X (4.20)
‘]:

To conclude the proof, we estimate the probability of the event E that (4.20) holds. Let Fj
denote the event that both (4.17) and (4.18]) hold. Note that xg, is a function of (z1,z2,...,Zm,),
and P(E;) = 1 — 4e~™". Moreover, from the above proof, we have

cp(e)m
X B, E[XE|£L‘1, . ,xml] = XE; - <1 _eXp(_I(WIC)gQ(I(]V)>> ’

implying that

E[XE1 -Elxglzi, ... ,xml]] = P(Ey) - <1 - exp<_[%>>

cp(e)m )

>1-5exp(— 2"
P K N 10g? (K N)

Thus, if m is an integer satisfying (4.16]) for some real A > 1, then

P(E) = E[xg~E ] = E[XEl -E[xg|z1,. - .,:cml]]

>1- 5eXp(—Cp(e)cp(e)Alog(KN)) >1- (KN)™

provided that the constant Cj(¢) > 0 is sufficiently large. This completes the proof of (i).
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The proof of Part (ii) is almost identical to that of Part (i), with all instances of K N2¢~2 log%
replaced by KP/2N1+P/2:=2]og % The only difference is that, after the preliminary discretization
step, we apply Part (ii) of Corollary instead of Part (i), together with the elementary inequality

[l 2@ < IflLp@us P> 2

Since no new ideas are involved, we omit the details. ]

4.4 Sampling discretization with weights

The constant K in the (2,00)-Nikol’skii condition NIz o (v KN) can grow substantially as the
dimension of X increases. For instance, if X is the space of all algebraic polynomials of degree
less than N on the interval [—1, 1] and pu is the probability measure on [—1,1] given by

'(A+1)
LA+ )/

for some constant A > 0, then Xy € NIy oo(v/K N) with the least constant K ~ N?* (see, e.g., [51]
(7.13), (7.14)]). In such instances, Theorem requires a considerably larger number of random
points for effectively discretizing L, norms.

Similar to the case of Lo-discretization, a change of density argument allows us to apply Theo-
rem to establish a weighted discretization theorem that does not require the (2, 00)-Nikol’skii
condition. The proof is similar to that of Corollary [3.8] for Lo-discretization. It relies on the
following Lewis’ change of density lemma:

du(z) = (1-— .QTQ)A_% dx

Lemma 4.13 ([7, Lemma 7.1], [44]). Given any 1 < p < 00 and any N-dimensional subspace Xy
1

of Ly(2, i), there exists a basis {u]}év \ of XN such that the function F := (% Zjvzl u;|?)? has the

following properties: |F|r o) = 1, and for all scalars {)\; } _, R,

J ‘Z Ajuj(x )P 2 du(z) = i (4.21)

To illustrate the idea, let F' be the function as given in Lemma Consider the probability
measure v(dx) = |F(x)|Pu(dz) on €, and the linear mapping U : L,(, u) — L,(€, v) given by

1) - if P(z) £ 0;
Ufa) - {F@ (

1, otherwise.
Since each function in Xy is identically zero on the set {z: F(z) = 0}, we have
[UFlLy0) = £l 00 ¥ € Xy
In addition, 1) implies that the sequence v¢; := Uuy;, j , N forms an orthonormal basis

1,2,.
of the space UX ~ with respect to the inner product of Lg( dv ) Moreover we have

N
D wi@)? =N, Vzeq,
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implying
1
WU flee@) < N2|UflLy0u), Yf € Xn.
Thus, applying Theorem to the space U Xy and the measure v, we deduce the following result.

Corollary 4.14. Let 1 < p < 0 and let Xy be an N-dimensional space of bounded functions on
Q associated with a function F given in Lemma[f.13. ~Consider a new measure v given by

dv = |F|P dp.
Let {¢ }521 be a sequence of IID random points drawn from the distribution v. Let € € (0,1/2). For
i=12,...,m, let \j := %m if F(&) #0, and \j = L if F(&7) = 0.

(i) If 1 < p < 2, then there exists a constant Cp(e) = 1 such that for any given parameter A > 1,
and any integer
m = Cp(e)A- N -log®(2N),

the Marcinkiewicz-type discretization inequalities
m
N
=N 00 < KA @ < A+ a0 (4.22)
]:

hold simultaneously for all f € Xy with probability =1 — N—4.
(ii) If 2 < p < o, then there exists a constant Cp(€) = 1 such that for any given parameter
A =1, and any integer
m = Cp(e)A- NP2 . 1og?(2N),
the Marcinkiewicz-type discretization inequality holds simultaneously for all f € X with
probability =1 — e~ 4.

5 Universal discretization

We begin with a general universal discretization result for a finite collection of linear spaces {VJ}JL:1
that satisfy an NIy o (v/R)-condition with a common constant R > 1.

Theorem 5.1. Let {V]}JL:1 be a sequence of linear subspaces of Ly () which satisfies the following
condition for some constant R > 1:

L
j=1
Let &', ..., €™ be a sequence of independent random variables taking values in 0 and satisfying

% i P[¢/ € E] = uw(E), VE e F.
j=1

Let e € (0,3) and 1 < p < 2. Then there exist constants Cp(e) = 1 and ¢, > 0 such that for any
parameter A = 1 and any integer

m = Cple) - A- R[(log R)® + (log R)* 2 (loglog L)% + (log L)(log R)], (5.2)
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the Marcinkiewicz-type discretization inequality
1 m
P
=N < 33 BIEP <A+ 0

holds simultaneously for all f € U 1 Vj with probability > 1 — R4

To the best of our knowledge, Theorem is new for general linear subspaces of L (£2). The
proof proceeds similarly to that of Theorem We summarize it below.

Proof. Note first that in the case where p is the uniform probability measure on Q = {1,2,...,n}
with n < C.R?log L, Theorem follows directly from Part (i) of Corollary

For a general probability measure 4, the proof of Theorem proceeds in two steps. In the
first step, we observe from and that dimV; < R for each 1 < j < L. Therefore, for
1 < p <2, applying Proposmon with s = R yields a preliminary universal discretization using

m ~ C¢(Rlog L + R?)

random points. Although this sample size estimate is weaker than the bound stated in Theorem
it provides the crucial initial reduction step.

In the second step, we fix the random points obtained from the preliminary discretization and
restrict all functions on this set. We then identify each V; with a linear subspace of R", where

n~ Rlog L + R2.

Thus, Part (i) of Corollary can be applied to further reduce the sample size. The technical
details closely follow those in the proof of Theorem [4.12 O

We note that the sample size estimate (5.2)) in Theorem is optimal up to logarithmic factors
when the number of linear spaces L is relatively small (e.g., L < R® for some constant o > 1).
To illustrate this, consider the collection of N-dimensional subspaces of trigonometric polynomials

{T(Qj)}évjl from Example where Q; = Z% and |Q;| = N. Theorem [5.1| guarantees universal

discretization of the L,(T?) norm for 1 < p <2 and all f € U;V: 1 T(Qj) whenever the sample size
satisfies m > C'Nlog® N.

On the other hand, the estimate in Theorem can be sharpened if the collection {V; } ~_; has
additional structure, such as being generated by a ﬁnlte set of uniformly bounded functlons on €,
and L is substantially larger than R (e.g., L > R). For the remainder of this section, we focus
precisely on this specific setting.

We introduce the general setting as follows. Let Dy = {cpz} Y, be a fixed system of linearly
independent bounded functions on €2 satisfying

sup |pj(z)| <1, j=1,2,...,N.

e

Given an integer 1 < s < N, we denote by Xs(Dy) the collection of all linear spaces spanned by
{@j:je J} with J < {1,2,...,N} and |J| = s. A function f :Q — C is said to be s-sparse with
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respect to Dy if it belongs to a linear space from the collection X5(Dy). We denote by X4(Dy)
the set of all s-sparse functions with respect to the dictionary Dy; namely,

s0n) = | v

VeXs DN)

Recall that a finite sequence {53 * , of points in €2 is said to provide universal discretization of the
L, norm for 3¥4(Dy), 1 < p < 0, w1th positive constants C1, Cy if

Cill I, g < - Z|f NP < Ol I} o, VF € Ss(Dn). (5.3)

Consider a sequence {¢/ }m 1 of IID random points with common distribution p. Our goal is to
establish an estimate for the probablhty that (5.3] . ) holds in terms of the number m of random points.
In the above context, we have the following result, which improves the estimates in Theorem

Theorem 5.2 ([21]). Let Dy = {goj}é-vzl be a set of N bounded functions on § satisfying

<
max, l¢j L@ < 1.

Let 1 < s < N be a given integer. Assume that there exists a constant K > 1 such that
2
Z \aj|2 < KHZ anOjH y Vaj eC (5.4)
‘ ‘ La(Q,p)
jed jed

whenever J < {1,2,...,N} with |J| = s. Let £',...,&™ be IID random points with common
distribution p on Q. Then given 1 < p < 2 and € € (O, 3), there ezist constants Cp(e) > 1 and
cp(e) > 0, depending only on p and €, such that the inequalities

1 m
=00 7y BUEW < A+ e ¥ ZD)

hold with probability > 1 — 2exp( %) provided that

m = Cp(e)Kslog N - (log(2Ks))? - (log(2Ks) + loglog N).

Theorem was proved in [2I]. Note that the problem of universal discretization for some
subspaces of the trigonometric polynomials was studied in [I8] [63].

The condition is satisfied for all 1 < s < N if ¢q,...,pn are linearly independent in
Lo(9, 1), in which case one can choose K~! to be the smallest eigenvalue of the N x N matrix

Pis Pk )L . 1n applications, we orten assuie a N 1S a 1€SZ Das1s; at 1S, ere
; s | _ ] licati ft that Dy is a Riesz basis; that is, th
<j,k<

exist constants 0 < Ry < Ry < oo such that for any (ay,...,ay) e CV,

N N\ 1/2 N N N\ 1/2
Rl(Z |aj] ) <HZ%% g <R2<Z |aj] )

Note however that estimates in Theorem are independent of the constant Rs.
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The universal discretization of Lo norm is closely related to the concept of Restricted Isometry
Property (RIP), which plays a central role in compressed sensing (see, e.g., [28] and the references
therein). Given an integer 1 < s < N, we denote by ¥(RY) the set of all s-sparse vectors in RY;

i.e., vectors x = (21,...,TN) € RY with at most s nonzero coordinates ;. An m x N matrix A is
said to satisfy the RIP of order s if there exists a positive constant ¢ € (0, 1) such that
(1= 8)lxlfy < [Ax|Z < (1+8)[x|7y, vxeDRY). (5:5)

The smallest positive constant ¢ that satisfies (5.5)), denoted by 6,(A), is called the restricted
isometry constant.

Results on the RIP properties of the random matrix ®(£) associated with uniformly bounded
orthonormal systems Dy can be found in [28]. Generalizations of the RIP, where one or both of the
£5 norms are replaced by other norms, typically EIJDV norms, have also proven useful in this context
(see, e.g., [3, 10], [28, Exercise 9.6]). To express universal sampling discretization within the RIP
framework, the following extension was introduced in [64, Section 5].

Definition 5.3. Let | - || be a norm on RV, and let 1 < p < c0. Let 1 < s,m < N be integers. An
m x N real matrix A is said to have the s-th order RIP (£, - |) with constants Cy, Ca > 0 if for
any x € ¥,(RY), we have

Crlx]” < [Ax[p. < Cofx|.
Next, let ® : Q — R be a vector-valued function on © given by

B(x) = (p1(x),...,on (%)), x€.

Here and elsewhere in this section, we always treat ®(x) as a row vector. Given a finite sequence
£:=1{¢ };7‘:1 c ) of points, consider the m x N random matrix

P(eh) e1(€h)  wa(€h) - en(Eh)
®(£?) e1(8%)  p2(€?) - en(D)

aEm) | o™ pale™) - on(Em)

Additionally, given 1 < p < o0, we define the norm | - [, on RY by

N
po = HZ ajpyj
j=1

With the above notation, we can then write the inequality ([5.3]) in the form
Cilla o, Vae X (RY),

Ja a=(ay,...,ay) e RV,

’
LP(Q7H‘)

po < [2E)a]y, < Cala

which is equivalent to asserting that matrix m~'/P® (&) has the s-th order RIP (|- [lpe) with
constants C1,Cy > 0. In particular, if p = 2, e € (0,1) and ¢1, ..., N is an orthonormal system in
Lo(9, 1), then the universal discretization with C; =1 —e€ and Cy = 1 + € can be formulated
equivalently in terms of the RIP property of order s of the random matrix m~1/2®(£):

(L= o)lzlfy <m™2|@@E)zlep < (1 + €217y, ¥ze T(RY).

In summary, we state the following result.
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Theorem 5.4. Assume that Dn = {¢1,...,9nN} is a finite system of real-valued functions on €2,
l1<p<owandl <s,m< N areintegers. Then a sequence & := {51};11 of m points in ) provides
the universal discretization of the Ly, norm for ¥4(Dn) with constants Cy,Cy > 0 if and only if
the m x N matriz m~P®(§), with ®(€) being defined in (B.6), has the s-th order RIP (€| - ||p.®)
with constants C1,Co > 0. In particular, if p = 2, e € (0,1) and Dy is an orthonormal system in
Lo (Q, 1), then the universal discretization with constants C1 =1 —¢€ and Cy = 1 + € holds if
and only if the matriz m_1/2<I>(§) has the RIP property of order s with constants 1 + e.

Some applications of universal discretization and Theorem can be found in [23] 22].

6 Some improved bounds in sampling discretization of integral norms

Analogous to the Lo-discretization discussed in Subsection for any given constants Cy > C7 > 0
and 1 < p < o0, we define m(Xy;p; C1,C2) to be the smallest positive integer m for which there
exist m points &1, ..., ™ e Q such that

1 «— :
CLl 12, < o 2 NFEN < CallfIf (0, YFeXn.
j=1

For simplicity, we denote this quantity by m(Xy;p) when the specific values of the absolute con-
stants C7, Cy are understood or not important from context.

According to Theorem for every space Xy satisfying the (2,00)-Nikol’skii inequality
NIy o (VKN), we have

KNlog®(KN), if1<p<2

6.1
(KN)P21og?(KN), if2<p<oo. (6.1)

m(XNSP) < Cp {

The upper bounds in turn out to be nearly optimal as N — oo for a general space Xy €
NIy o (VKN). Indeed, this is clear for 1 < p < 2 as the lower bound m(Xy;p) > N holds trivially.
For 2 < p < o0, it is known (see, for instance, [32, D.20]) that for Xx = span{ri,...,ry} with
r;(t) := sgn(sin(27T17t)), t € [0,1], j € N being the sequence of Rademacher functions on [0,1]
and for the ususal Lebesgue measure on 2 = [0, 1], the (2, 0)-Nikol’skii inequality NIy o (v KN)
is satisfied with K = 1, and m(Xy;p) = cNP/2 for any 2 < p < o0, where ¢ > 0 is an absolute
constant.

It is natural to ask whether the upper bounds in remain valid without the extra logarithmic
factors under the condition Xy € NIy (VK N). For the discretization of Ly norm, the answer is
positive, due to the breakthrough work of A. Marcus, D. Spielman, and N. Srivastava [50]. In fact,
according to Theorem [3.9] we have

m(Xn;2;1/2,3/2) < CKN.

For 1 < p < 2, this remains a challenging open problem.
Recent progress on this problem for 1 < p < 2 was established in [I4]. Specifically, for 1 < p <2
and every Xy € Nl oo (VK N), the refined upper bound m(Xy;p; 1/2,3/2) < C,®,(K N) holds with
tlogt itp=1,2
(1) =1 08" O ) (6.2)

t(logt)(loglogt)s, ifl<p<2,
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Theorem 6.1 ([14]). Given 1 < p < 2,0 < e < 1, K > 2 and any N-dimensional subspace

Xn € Ny oo (VKN), there exist £, ..., ™ € Q with m < Cy(e)®,(KN) such that
1=} li FEP <@ +elflf VfeX (6.3)
Lp(Qup) =y £ ()’ N> '

where ®,, is given in (6.2)), Cp(e) = 06*2 forp=1,2, and Cp(e) = Cpe 2 log?’% forl<p<2.

Historical discussions on sampling discretization for the cases p = 2 and 1 < p < 2 can be found
in Subsections D.15 and D.16 of [32], respectively. Here we only mention that the best previously
known results are as follows. It was proved in [16] that, under the (2, 00)-Nikol’skii inequality
assumption Xy € NIy (vVKN), the discretization estimate ) holds for 1 < p < 2 provided
that m > C(p, K,¢) N(log N)3. This estimate on m was 1mpr0ved tom > C(p, K,e)N(log N)? for
1 <p<2andtom > C(p,K,e)NP/?log N for p > 2in [36]. Furthermore, sampling discretization
for p > 2 under the (p,0)-Nikol’skii inequality Xy € NI, o ((KN)'P) was studied in [36], with
subsequent improvements for p > 3 presented in [19]. More recently, [I3] improved the sample
size estimates from [36, 19] under the (p,o0)-Nikol’skii inequality for p > 2, proving that the
discretization inequality (6.3)) holds whenever m > C(p, K, )N (log N)(loglog N)P~!.

Combining Theorem [6.1] - with Lewis’ change of density lemma (see Lemma , and following
the proof of Corollary we obtain the following weighted discretization result.

Corollary 6.2. Given 1 < p <2,0<e< 2, and any N -dimensional subspace Xn < Lp(, p),
there are a finite set of points {&*,...,&™} < Q with m < Cy(e)®,(KN) and a set of nonnegative
weights {\;}7L, such that for any f € Xy,

=L o < DNIFEN <A+ 6
j=1

where ®, is given in (6.2), Cp(e) = Ce? for p=1,2, and Cp(e) = Cpe 2 log?’% forl<p<?2.

We give a brief description of the scheme of the proof of Theorem which can be divided
into three steps.

Step 1. Preliminary discretization.

In this step, we establish results on simultaneous discretization of the Ly and L, norms, using
M < Cpe™™ N(log N)™ points. This step allows us to reduce the original problem of discretization
to a problem in RM. The main ingredient in this step is the following lemma, which follows directly
from Proposition (.9

Lemma 6.3. Let 1 < p<2and0 < ey < 1/4. Let Xn be a subspace of Loy(Q2) of dimension N such
that Xy € Nlp on(VEN) for some K > 2. Then there exists a finite set of points x1,...,Tm € Q
with m < CPEEBKN(log(KN))3 such that for any f € Xy, we have

1=l fI < Z|ij < (1 +)lfIE

and

(1= )l f 7 < Z ()P < (1 + o)l 7,0,
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Step 2. Estimate the expectationE(supfemeBzy ijl gl f(y )|pD, where {¢;: j =1,2,..., M}

denotes a sequence of independent Bernoulli random variables taking values +1 with probability
1/2, and BIJ,” = {feRM: HngZsz <1}

For p = 1,2, we have the following lemma, which was proved by Rudelson [56, Lemma 1] for
p = 2, and by Talagrand [58] for p = 1 (see also [14, Theorem 3.1}, [30, Theorem 13] and [43
Proposition 15.16]).

Lemma 6.4. Let Xn be a subspace of RM of dimension at most N satisfying
1fle < VENIfIy, VS € Xy
for a constant K = 1. Then for p =1 and p = 2 we have

KNlog N
swp |3 elfG)F]) < Oy =
<feXNmBM Z ! M

where C is a positive absolute constant.

The subsequent result for 1 < p < 2 builds upon the approach established in Talagrand’s proof
of [59, Theorem 16.8.2].

Lemma 6.5 ([I4, Theorem 4.2]). Let Xy be a subspace of RM of dimension at most N satisfying
£l < VENIflLy,  ¥fe Xy

for some constant K > 1. Then for any p € (1,2), we have

]Zanf( DIF]) < cn T E g (2 +2).

For 1 < p < 2, Talagrand [59, Theorem 16.8.2] proved a result similar to Lemma [6.5] for a
probability measure x on RM satisfying p{j} < ]\2/[ for 1 < j < M, under the following stronger
assumption: for each orthonormal basis {gok}fcvzl of (Xn,| - ||Lz(u );

]E( sup
fEXNﬁBJ\/I

1 , .
NZS%(])Q:L j=12,...,M.

Lemmas [6.4]and [6.5] play crucial roles in the proof of Theorem[6.1] Roughly speaking, they allow
us to reduce the number of points required for good discretization by approximately a factor of two.

Step 3. Iteration.

To illustrate the idea, we sketch the proof of p = 1 below.
First, by Lemma in the preliminary step, without loss of generality, we may assume that

Q = Quy = {1,2,...,M} and p is the uniform probability measure on Q;. For each
I < Qp, we denote by R; the orthogonal projection onto the space spanned by {e;,i € I},
where e; = (1,0,...,0), ..., ear = (0,...,0,1) is a canonical basis of RM. Thus, for each f € RM,

(R1f)(j) = f(j) for j € I, and (R;f)(j) = 0 for 5 € Qp\I. Furthermore, an application of
Lemma [6.4] yields the following structural result.
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Lemma 6.6 ([I4, Lemma 3.2]). Let Xy be a subspace of RM of dimension at most N satisfying
[floc < VEN|flppe, Ve Xn,

for some constant K > 1. Let J < Qpr:={1,2,..., M}. Assume that there exist positive constants
oy, By such that for any f € Xy we have for bothp =1 and p = 2

sl < 1R flipy < Ball e

Then there exists a subset I < J with

1 171
2 m)gmsz

such that for any f € Xn we have for both p =1 and p = 2,

arlflgy < I1R1fllgy < Brll £l

(= o0)ay (I +0)8y . |KNlogN
oy 1= 5 , Bri= 5 , 0:=C oM

and C is an absolute constant.

where

We can iterate Lemma with an appropriate stopping time and finish the proof.
Example 6.7. Let Q — Z¢ be an arbitrary set of frequencies, and consider the space
T(Q) := span{ei<k"> ke @}

of all trigonometric polynomials with frequencies from @ on the cube Q = [0, 27)?, equipped with
the normalized Lebesgue measure. Then 7(Q) € NIy (v N) with N := dim7(Q) = |Q| and
Theorem [6.1] u implies that there exist m < Ce 2N log N points £!,...,£™ € Q such that

1 m
A=l fle@m < — DFEN <+ f @ VfeT@Q).
7j=1
Similarly, for 1 < p < 2, there exist m < Cp(¢)N log N(loglog N)? points &1, ..., ™ € Q such that

1 m
0= IS0y <y LU <0+ O o, V72 T(Q)

7 Sampling discretization in the uniform norm

In this section, we will survey some recent progress on sampling discretization of the uniform
norm. We assume that  is a compact subset of R? equipped with a Borel probability measure p.
Let Xn denote an N-dimensional subspace of the space C(2) of continuous functions on . For
Ac Qand feC(Q), define | f|a = sup,ea |f(x)]. We say that X admits an Lo,- Bernstein-type
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discretization theorem with parameter m € N and positive constant C' if there exist m points &/ € ,
7 =1,2,...,m, for which
< J . .
Iflo < € max |7 (€)], ¥f e Xy (7.1)

For convenience, we denote by m(Xy;00;C') the minimum number m of points required for the
discretization with a given constant C' > 0.

The first results on discretization of the uniform norm were obtained by Bernstein [4, 5] (see also
[68], Ch.10, Theorem (7.28)). In recent years this problem has been extensively studied in various
settings (e.g. see [15], [BT], B3], B8]). We will focus on recent progress on sampling discretization of
Lo, norm. We refer to the surveys [18, 32] and the references therein for historical comments on
this problem.

7.1 General bounds of m(Xy;ow;C) with C being independent of N

We start with the following general well known result (see, e.g., [3I, Theorem 1.3]), which in
particular gives the exponential upper bound m(Xy;00;2) < 9V,

Theorem 7.1. E| Let Xn be an N-dimensional subspace of Ly (). Given any e € (0,1], there

exists a sequence {ﬁj };n:l of m < (1 + %)N points in § satisfying

max | f(x )|<(1—|—6)1g1jz§;1|f(£j)‘, VfeXn. (7.2)

e

Proof. Using (4.2]), we can find a finite sequence

N
{filitie B:={feXn: [flr,@ <1} with m < (1 + )

such that B U;”zl(fj + ¢B). For each 1 < j < m, let ¢ € Q be such that |f;(&7)] = I £50 2o (2)-
For any f € Xy with | f]1, ) = 1, we can find an integer 1 < j < m such that | f; — f[ ) < %,
which implies

€
[ £z < Mfilzw@ + 3 <IAE)]+ *HfllLy
The estimate (7.2)) then follows since (1 —§)™' < 1+e. O

Theorem establishes an exponential upper bound in the dimension N for the number of
points required to discretize the uniform norm in X. In general, the discretization of the
uniform norm in Xy with a constant C' independent of N may not be possible unless the number
m of required points grows exponentially with N (see, e.g., [33] and [31, Theorem 1.2]). More
precisely, the following result (see [33]), which complements Theorem shows that there exists
an N-dimensional subspace Xy < C]0, 27| for which

m(Xny;00;C) = (N/e)eCN/C2 with ¢ > 0 being an absolute constant.

'One of the referees kindly pointed out that the bound in this theorem can be improved from (1+ £)™ to (1+ %)V
by working with an (¢/2)-net for the set of the extreme points of the unit ball of the dual space.
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Theorem 7.2 ([33]). Let Xy := span{eikﬂ'x: ji=1,2,..., N}, where {kj};.vzl is a lacunary sequence
of positive integers satisfying that k1 = 1 and kj1 = bkj, j = 1,2,...,N — 1 for some constant
b > 1. If there exist a sequence {§j };n:l c [0,27) of m points and a constant C' > 0 such that

hax |f(z)] < Cm?X!f (&)], VfeXn,

then one must have ,
m = (N/e)eN/C

with a positive constant ¢ which may only depend on b.

7.2 Estimates of m(Xy;w0;Cy) with Cy being dependent on N

Theorems and provide upper and lower estimates of the number of sample points needed for
the discretization inequality with C' being independent of N. We now mention some results,
where the discretization constant C' in is allowed to depend on N. In the classical setting
of univariate algebraic and trigonometric polynomials, this problem was extensively studied (see,
e.g., [I1, 27]). However, as is customary in this survey, our goal is to consider a more general
framework of abstract finite-dimensional spaces.

We start with the following result, which is known as the Auerbach lemma when ¢ = 1 (see [54,
Proposition 1.2.3]).

Theorem 7.3. Let X be an N-dimensional real subspace of C(Q2). Given a positive integer £, let
Xn(0) i=span{ fife- - fo: fr,.oo foe X,
and Ny := dim Xy (¢). Then there exists a set {fj }jvzll of points in ) such that
1 .
< (Np)e J XnN.
max|f(z)] < (Ne)¥ | max, f(&)], VYfeXwn

Proof. Given a basis {p1,...,pn,} € Xn(¢) of Xx(£), we define a function A : QN — R by

e1(r1)  w2(z1) - N (21)
A($1,$2,...,Q?NZ) — det <P1('=702) 902(@) <PNZ.(9E2)
pir(en,) e2(xn) -0 e (TN)
for z1,...,zn, € €. Since A is a continuous function on the compact set QN there must exist

€l ..., &Nt e Q such that

A(fl,...,fNZ)EAN,g:Z max A(zy,...,zN,).

ml,...,a:NeeQ
It is easily seen that Ay, > 0. For 1 < j < Ny, define L; : 2 — R by

_ A(£17 R ?§J_17x?§]+17 R ?gNe)

, x €.
Any
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Clearly, Lj € Xn({), L;j(£¥) = 6k and | Lj| 1, () = 1 for 1 < j, k < N;. Moreover, for each f € Xy,
we have

Ny
é .
)" =D FE) Lix), zeq.
j=1
This implies that for each f € Xy,

¢ Y.
117 0 < Nflgg\& FACSINe

Hence,

7z < (N)T ma |£(€)], ¥/ € X

This completes the proof. ]
We give a few remarks on Theorem [7.3]

Remark 7.4. (i) Of particular interest is the case when ¢ = 1, where Theorem gives the
discretization inequality with the minimum number of points:

max |f(z)] < N max [f(¢)].

1<<

Vfe Xy. (7.3)

Using the notation introduced in the beginning of this section, this implies m(Xy;00; N) = N.
This is a well known result, for which the above proof can be found in the book of E. Novak [54]
Proposition 1.2.3].

(ii) For any positive integer ¢, we have

N—1+¢ e(N — 1+ £)\¢
e () ey

However, in many cases, this last estimate is far from being optimal. For example, if Xy = I1¢ is
the space of all algebraic polynomials of total degree at most n in d variables, and {2 is a compact
subset of R? with nonempty interior, then

d
N=dimeL=<n§> and N < dim 1%,

As a result, we have

&< (nz;d) (bt d)(nl+d—1)-- (n€~|—1 li[ %
N (ngd) - (n+d(n+d—1)---(n+1) 1

Assume in addition that n > d? and d > 2. Then

d
n n\4
N = (1 —,) > (1 —) > d.
H * J * d
J=1
Now we specify the integer £ € N such that

logN — 1</ <logN.
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Then ¢ > dlogd — 1,
Ne

N

eN < N(log N)?,
and

1 d 1
N/ < (EdN)% :exp(zlogﬁ—i- ZlogN) < Cy,

where C] > 0 is an absolute constant (independent of d). Thus, Theorem provides a set {¢7 ;”:1
of
m < Ny < N(log N)?

points in 2 such that

e

max | f(z)| < C1 max |f(¢)|, Vfe Xy =TI}

1<jsm
This last estimate was previously established in [6, Proposition 23], with implicit constants depend-
ing on dfj

If the number of sampling points m is relaxed to be of order NV rather than exactly equal to IV,
one can prove a refinement of the discretization inequality ([7.3)), in which the constant N is improved
to Cv N. We state the following result, which follows directly from the proof of Theorem 2 of [39].

Theorem 7.5 ([39, Theorem 2]). Given any real N-dimensional subspace Xn of C(2) and any
€ (0,1], there exists a set {53}5”21 cQofm < (1+¢€)(N+1) points such that

max |f(z)] < CvVNe !  max 1£(&)],

e} <j<m
where C' > 0 is an absolute constant.

For completeness, we include the proof from [39] below. The argument relies on Theorem
and the following result by J. Kiefer and J. Wolfowitz [34].

Lemma 7.6 ([34]). Given a real N-dimensional subspace Xy of C(Q2), there exists a probability
measure (i on £ such that for any f € Xy,

max| f(z)] < VN Ly

Proof of Theorem[7.3, Let Xy41 = span (Xny u {1}). Clearly, dim Xy1 < N + 1. Applying
Lemma [7.6] to the space X1 instead of Xy, we can find a probability measure p on Q for which

max [ f(2)] S VN + 1 flL,n), ¥f € X4

By Theorem applied to b = 1 + € and the space Xy41 < Lo(u), there exist a set {&/ Ty Q
of m < (1 +¢)(N + 1) points and a sequence {);}7L; of nonnegative weights such that

U o\ 1/2 3
s < (X MIFENE) T < O Iy VF € Xnan,
j=1

2The authors are grateful to the referee for noting that the implicit constants can be made dimension-free, rather
than depending on d as they did in the initial draft.
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Since the constant function 1 belongs to the space Xy 1, this implies that
m

It then follows from Lemma [7.6] that for any f e Xy,

M\»—‘

SIS

o

max |f(2)] < (N + 13l < (¥ + 13 (

€S

NLFEP)

7j=1

D=

< Ce N2 max |£(€9). O

1<j<m

< (N +1)% max |f(¢) (i )

1<j<m

Replacing Theorem with Corollary in the argument above yields the following result.

Theorem 7.7. Given any real N-dimensional subspace Xn of C(Q) and any € € (0,1), there exists
a set {& J1icQofm<Ce” 2N points such that

max |f(x)] < (1 +€)\/7 Inax £ (€)1,

e 1<jsm
where C > 1 is an absolute constant.
We point out that Theorems and were proved in [31, Theorem 6.6] and [3§] under the

extra condition Xy € NIy o (H) for some constant H > 0.
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